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Abstract. In this article we apply the techniqueof model checkingto puzzle
gamesWe develop a tool, PUzzlecheder for autoMAtedreadability analysis
(PUMA), to checkif puzzlescanbe solved from somegiveninitial stateusing
reachabilityanalysis For this purposene have developeda languagedo describe
modelsof puzzlesandan encodelto translateit into Binary DecisionDiagrams
representinghe model. To combatthe statespaceexplosion problem, PUMA

usesvariousheuristics.

1 Intr oduction

Model checkingis a rathernew techniquewhich is usefulin the formal veri cation of

di erenttypesof systemgCCLW99, CAB* 98, EOH"93, Low96]. Oneof the maindif-

culties is the statespaceexplosionproblem,which to someextentcanbe countered
with statespacereductiontechniquessuchas partitioning [S1J*02] andsymmetryre-

duction [EW05]. We have implementeda model checler (called PUMA), which can
compilea oneplayerpuzzlegamé from our own languagegalledInput language for

PUMA (InPUMA), into a symbolic representatiorthat can be analysed.This model
checler is ableto determinewhetheror not it is possiblefrom the initial stateof the

puzzleto reachagoalstatej.e. solve areachabilityproblem.Thisis doneby asymbolic
searchengineoperatingon datastructurescalled Binary DecisionDiagrams(BDDs,

introducedby R. E. Bryantin 1986[Bry86]). To speedup the searchthe engineuses
variousheuristictechniquesndoptimisations.

RelatedWork Puzzlegamemodelcheckingis nota widely explored eld, but lends
itself to a lot of otherproved techniquespamelypartitioning[SIJ*02], symmetryre-
duction [EWO05] andsifting [MDO03]. Edelkamp[Ede0Q describedi erentheuristic
searchplanningtechniquessomeof which we have basedhe symbolicsearchengine
in PUMA on.

L A puzzlegamecontainsno randomisatiorandhasperfectknowledge(i.e. thereis no hidden
information).In solitairegamessuchasKlondike wheresomecardslie facedown, the model
checler still need€o know which cardsarewhere.



Contribution We have implementeda new languageto model puzzlegameswhich
should be more intuitive, for puzzle games,than languagesn more generalmodel
checlerslike SPIN [Bel] and UPRAAL [Upp]. From that languagewe have imple-
mentedacompilerthatcompilesamodelin thelanguagénto aninternalrepresentation
basedon BDDs usingthe JDD [Vah packageFromthis representatiothe solvability
of themodelcanthenbedetermined

Outline Section2 gives backgroundinformation on BDDs and propositionallogic
which formsthe foundationof the searchalgorithmsandoptimisations Section3 de-
scribeghenew INPUMA languagehatwe have developedandthecompilationprocess.
Section4 exploresdi erentsearchtechniquesandSection5 dealswith two optimisa-
tions: variableordering(sifting) andpartitioning.In Section6 we look into thee ects
of the heuristicson two examplemodels.

2 Background

Therearetwo aspect®f a puzzlegamethatwe needto model:the statesof the puzzle
andtheruleswhich describethe legal movesfrom a given stateto anotherBoth these
aspectsanberepresentedsingBDDs, which canbe manipulatedn the sameway as
formulaefrom propositionalogic.

2.1 Binary DecisionDiagrams

A binarydecisiondiagramis a datastructurefor representingpooleanfunctions.On a
moreabstractevel, BDDs canbe considerecisa compressedepresentatioof setsor
relations.

De nition 1 (Binary Decision Diagram (BDD)). A Binary Decision Diagram is a
rooted,directedacyclic graph (V; E). ThesetV containsoneor two terminal vertices
0;1 2 V. Theverticesv 2 Vnf0; 1gare non-terminaland havetwo edgeslow(v) and
high(v). Each v alsohavea variablevar(v).

Givena truth assignmenof the variables the value of the functionis determined
by traversingthe BDD top down. Thehigh edgeis followedif thevariablemarkingthe
currentnodeis tr ue, the low edgeotherwise The valueof the BDD is tr ueif theleaf
marked1 is reachedandfalse otherwise.

De nition 2 (Ordered Binary DecisionDiagram (OBDD)). A BDD is orderedif on
all pathsthroughthegraph,thevariablesrespect giventotal order.

A BDD is ordered if eachvariableappearsat mostonceon ary pathfrom a top
nodeto aterminalnode.Thesizeof aBDD is sensitve to thechoservariableordering.
Finding an optimal orderingis a NP-completeproblem[GLMO03]. We will look into
thisissuein Section5.10n pagel?2.



2 Badkground 3

De nition 3 (ReducedOrderedBinary DecisionDiagram (ROBDD)). AnOBDD s
reducedf for all non-terminalverticesv; u thefollowing propertieshold:

1. Non-redundant:low(u) , high(u)
2. Uniquenesswvar(u) = var(v); low(u) = low(v); high(u) = high(v) ) u=v.

An OBDDisreducedf everynodeis non-redundardndunique.Thenon-redundant
criteriamakessurethatany nodewherethe high andlow edgepointsto the samenode
is removed.Uniquenesgnsureshatcommonsub-grapharesharednsteadof pointing
to severalidenticalnodegAnd98g].

De nition 4 (Characteristic function). For a setof statesS, the characteristicfunc-
tion s(a) evaluateso tr ug if ais thebinary encodingof onestatexin S.

Givena x ed-lengthbinary codefor the statespaceof a planningproblem,BDDs
canbeusedto representhe characteristiédunctionof a setof statesOperation®n sets
arereducedo booleanoperation®f the characteristidunctions:

— Emptyset: . =0
— Unionofsets: ;7= s_ 7
— Intersectiorof sets: s 1= s_ T

2.2 Propositional Logic

The reachabilityproblemcanbe representeasa four-tuple (S; T;i; G), whereS is a
setof statesT : S S is atransitionrelation,where(s;s%) 2 T i thereis a path
leadingfrom s to . Variablei is the initial stateof the search,and G is the set of
goabstatesA solutionis a sequencef statess = sy;:::; S, Wheresg = i, $, 2 G
and " 75(sj; sj+1) 2 T [JBVO2.

To betterunderstandhow a puzzlecanbe translatednto this representationf the
reachabilityproblem,we will presenta simple example:an elevator is to transporta
personfrom theground oor to thetop. Theelevatorcanbeon eitherthe groundor the
top oor. Thiscanberepresentetly asinglebit, xo, whichis falseif it is ontheground
oor andtr ueif it is onthetop oor. The personcanbe eitheron the ground oor,
thetop oor, or in theelevator. This requiresanencodingengthof two bits, x; andx,
whichcantakethevalues: x; : X2, X3 @ Xz and: X3 Xo, respectiely. A statein the
problemcannow bedescribedisinganencodingof thevariablesx = (xg; X1; X2).

If boththe personandthe elevator startat the ground oor, the booleanrepresen-
tationfor theinitial statei is givenbyi = : X" : X1 * : X2. Thegoalconditionis not
dependentnthelocationof theelevator, andthe setof goalstatess is thusrepresented
by G = x; : xo. TheBDDsrepresentingheinitial stateandthegoalstatesanbeseen
in Figure 1 on the following page.These gures have beenautomaticallyproduced
usingthe PUMA modelchecler, which is why the namingis adi erentthanthe one
usedhere.In these gures, thepre x “C” representshe currentvariablesand“N” the
succeedingnew) ones.The zerosink andthe edgedeadingto it hasbeenomittedfor
aestheticeasons.

In orderto verify thatthe puzzleis solvable,we needto obtaina sequencef ac-
tions, or transitions which transformgheinitial stateinto onewhich satis esthe goal
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Fig.1: Initial stateandgoalstatesf the elevatorproblem.

condition.Thesetransitionsarerepresentedsrelations i.e. assetsof tuplesof prede-
cessorndsuccessostatesWe will usethenotationof primedvariableso identify the
successostate.

De nition 5 (The transition relation). Let (x; x°) be a pair of stateswhee x is the
predecessostateof x°. ThetransitionrelationT is thende nedasthedisjunctionof the
characteristicfunctionsof all sud pairs.

In the elevator problem,therule “move_up”and“move_davn” for the elevatoris
independentf the location of the personand can be formalisedusing the following
functions:

Trmoveup = (%" Xg)/\ (x1$ th))l\ (X2 $ Xg)

Trmove down = (X" Xg) N(x$ Xrl)) N(xe$ Xg)

The rule “enter” and“exit” dependson the position of both the elevator andthe
personanddoesnot changethe locationof the elevator. Theserulescanbe given by
thefunctions:

Tener = (X0 $ Xg)/\ (X0 X)™:xN: Xg_)" Xg
Teit = (0% X" 1" %" (0$ X)X

ThewholetransitionrelationT for the elevatorproblemcanbe seenin Figure2 on

thefacingpage,andis thengivenby:

2The$ signis thebi-implicationoperator
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T= Tmove_up _ Tmove_down_ Tener _ Texit

Fig.2: Thetransitionrelationof the elevatorproblem.

The basicstepwhen calculatingthe set of successostatesis with the useof an
expressioncalled the relational product Here, a statex® (encodedas a bit vector of
boolearnvariableshelonggo asetS; if it hasa predecessakin thesetS; ;, andit can
betransformednto x usingthetransitionrelationT [Ede0Q.

De nition 6 (Calculation of the successosstates).Let S, bethe setof statesreach-
able from the initial statei in n steps,initialised by Sp = i. Thefollowing equation
determines s, givenboth g, , andthetransitionrelation:

s.(9 = (9%( s, (9~ T(% %))

In the elevator example,the rst iterationof nding the successostatesfrom the
initial stateis givenby:

s = (9%( X0 1 X0 ™ 1 %) N T(Xo; Xai Xo; X3 X25 x9)) [ =]
= (8N ) _ 8 N ) e
=M iX)_ (XN xM i X)



3 Input Language

We have designeda languagewhich works asthe input to the PUMA modelchecler.

Themaingoalof thecreationof thelanguagevasto maleit relatively easyandstraight-
forwardto modelpuzzlegamesin comparisonywe couldhave usedotherlanguage$or

modelcheckingsuchasPROMELA/SPIN[Bar] (anopensourcemodelchecler devel-

opedby Bell Labs)or STRIPSPDDL [FLO3] (an attemptat standardisingnodelling
languagesor theplanningdomain).While thesearevery expressie, they arealsovery
low-level andasaresult,notvery intuitive to usein the puzzlegamesdomain.

3.1 Syntax

TheInPUMA languagas very specialisedn the sensehatit doesnotincludemary of
the constructauisually associateavith programminganguagessuchasthe if andfor
constructslinsteadjt is moresimilar to logic programmindanguagesandseveralnew
constructshasbeenincludedto make it easyto describethe rulesof the gameandto
accommodatéhedi erence®f eachclassof puzzle.An exampleof a puzzlemodelled
in INPUMA canbeseenin Figure3. Thecompletegrammarof InPUMA canbe found
on the projecthomepage[EJV] alongwith seseral modelsof puzzlegamessuchas
Rubik's Cube,FreeCell,Pgy Solitaire, Sokobanand others.A shortenedxtract from
thegrammarin EBNF for ourlanguagés givenin Figure4 onthefacingpage.

1| Init {

2 int (2) person = 0; I/ Ground floor

3 int (1) elevator = 0; I/ Ground floor

411

5

6 | Goals {

7 Goal (person == 1); I/l Person is on Top floor
81}

9

10 | Rules {

11 Rule(person == elevator) { // Let person in

12 person = 2; // Person is in elevator
13 }

14

15 Rule(person == 2) { Il Let person out

16 person = elevator ; // Person is on same floor as elevator
17 1

18

19 Rule(elevator == 0) { /I Move elevator up

20 elevator = 1;

21 }

22

23 Rule(elevator == 1) { /I Move elevator down
24 elevator = 0;

25 }

26|}

Fig.3: Theelevatorproblemmodelledin INPUMA.
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Puzzle = init-block  goals-block rules-block

init-block = Init’ { { statement } '}

goals-block := 'Goals' { { goal } '}

rules-block = 'Rules' '{" { pick-decl | rule } ¥

goal = 'Goal' '(" boolean-exp )" "

rule = 'Rule’ '(" boolean-exp ') { { assignment } 7}
statement := variable-decl | structure-decl | assignment
pick-decl = 'reference' variable '=' ‘'pick' ‘(" exp-list )" %

Fig.4: A simpli ed grammarof INPUMA

A puzzlewrittenin INPUMA is dividedinto threeblocks:init, goalandrules Below
is adescriptionof whateachof thesedoes:

Init:  This block setsup the initial stateof the puzzlegame.Only variabledeclara-
tions, structurede nitions (which are userde ned compositetypes)and assignments
areallowedhere.

Goals: Thisblockde nesthegoalconditions andonly thegoal statemenareallowed
here.A goal hasa booleanexpressionwhich evaluatesto tr ue whenever the goal
conditionshasbeenmet,andfalse otherwise.

Rules: Thisblockde nesthetransitionshetweeragivenstateandthe stategeachable
accordingto the rulesof the puzzle.Only therule andpick statementsreallowed
here.A rule statementonsistsof a booleanexpressiomanda numberof variableas-
signmentslf the expressiorevaluatego tr ue (therule is applicable) the assignments
describesiow the statechanges.

A pick statements avariabledeclarationassignedvith avalue,whichis chosen
non-deterministiamonga given setof values.This setconsistsof comma-separated
values whereintegerrangesmay be givenwith the“.. ” keyword. For instancejf we
wantto pickacellina5 5 arraywe couldconstructwo pick statementgike this:

reference rowNumber = pick(0 .. 4);
reference columnNumber pick(0 .. 4);



3.2 Compilation

Internally, the modelchecler usesbooleanlogic bothto representhe statespaceand
thetransitionrelations.We have createda compilerfor the InPUMA languagewhich
build thesenternalstructuresTherearefour mainBDDs which mustbe constructed:

varSpace: Representthevariableswhich canbe manipulatedn therules.

start : Representthe startingcon gurationof thevariablesn the statespace.
goal: Representthegoalcon guration of thevariablesin the statespace.
transRel : Representall rulesasonetransitionrelation.

We will breakthe compilationinto threeparts,correspondingo the threeblocksof
theprogram:

Init Foreachvariabledeclarationanumberof BDD variabless addedo thevarSpace
BDD, accordingto the numberof bits neededo representhevariable.

Assignmentsn theinit block aretransformedo BDDs, combinedusingthe” op-
eratorandstoredin thestart BDD. For instancetheassignmenta = 2;”, where*a” is
anintegerof 3 bits, thefollowing BDD is created!: a, ™ a; ™ : ag”

An issuewhencompiling INPUMA into booleanlogic is that variablesmustbe of
a nite domain.Onecouldarguethatatype suchastheintegeris usuallyrepresented
by a x edlengthof 32 bits andis thus nite. This, however, might not be a very ef-
cient solution,in the caseof integer variables the programmeihasthe possibility of
specifyingthe numberof bits, suchas“int(3) smallint '

Finishingthe compilationof the init block, the compilerchecksthat all variables
have beeninstantiatedAll variablesin the statespacds thenduplicatedandstoredfor
usein thetransitionrelation.

Goals Thegoalexpressionsretransformedo BDDs, combinedusingthe” operatoy
andstoredin thegoal BDD. Thebooleanexpression®&&, ||and! canbetranslatedal-
mostdirectly. Theequalityoperator== is translatedisingthebidirectionaloperatoi$ .
For instance,’a == 2" is translatedio “(a; $ false)” (a1 $ true” (ap $ false)”,
where“false, tr ueg false’ is the binary encodingof theinteger“2”. Sincethis expres-
sionis createdusingconstantstheresultingBDD canbereducedo “: a, ™ a; ™ : ap”.
Noticethatthisis the sameBDD asthe assignmenbperatorin theinit block.

Rules The rulesof the puzzleis alreadysomeavhat similar to the transitionrelations
of booleanlogic, sincethey consistof a numberof prerequisitegnda numberof new
variableassignmentsThis is to someextentwhatwe usedin the notion (%, %9 in the
elevatorexamplefrom Section2.2on page3 aboutpropositionalogic. Theassignments
in arulerepresenthe new valuesof thevariablesn thenew state All BDDswhichare
createdrom therulesare nally combinedusingthe_ operatorandthenstoredin the
transRel BDD.

Therulesmayneedto beexpandedf any “pick ” variablesaregiven.For eachrule
whichincludesa“pick ” variable,this rule is expandedo severalnew rules— onerule
for eachvaluethatthevariablemayassume.
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4 State SpaceExploration

For the symbolicexploration,the setof statess combinedwith thetransitionrelation.
By queryingfor all instancesof x° we nd all stateswhich are reachablefrom the
input setx. Startingfrom theinitial state,eachiterationof searchalgorithmsexplores
the previous searchhorizonuntil eventuallythe whole setof reachablestateshasbeen
covered.In the following sectionswe presentghe algorithmsusedfor the symbolic
searchin PUMA.

4.1 Breadth-First Search

A breadth- rst searchalgorithm exploresthe frontier betweendiscoseredand undis-
coveredstatesuniformly acrossthe breadthof the frontier. In the following we apply
this algorithmto the symbolicdomain.

We will let Openbethe setof stateswhich marksthe searchhorizon,andSuccbe
thesetof successostatesafteroneiterationof thealgorithm.Thesearchs terminated
whenthe setOpencontainsa statein g, asillustratedin Figure5. Thisis constructed
by testingthe equivalenceof the intersectionof thesetwo sets,with the trivial zero
function (theemptyset).The nal breadth- rstsearchalgorithmis shavn in Figure6.

So S,

Fig.5: An exampleof a forward passof the algorithm.After i stepsthesetsS; andG
overlap.

Breadth-First-Search

1 Open fsg

2 do

3 Succ  9x(Oper(x) * T(x; x9)
4 Open  Suc¢x=x9

5 while (Opem* ¢ 0)

Fig.6: Pseudaodefor the breadth- rstsearchalgorithm.
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Whenapplyingthis algorithmto the BDDs we constructecasan examplein Sec-
tion 2.2 on page3, thealgorithmwill terminateafterthreeiterations.The BDDs repre-
sentingthe Opensetaftereachiterationcanbeseenn Figure7. Asthe guresindicate,
the symbolicrepresentatiofor alarge setof statess typically smallerthanthe cardi-
nality of therepresentedet.

(a) Iteration1 (b) Iteration2 (c) Iteration3

Fig.7: Searchterationsof the elevatorproblem.

4.2 Bidir ectional Search

Sincewe have the goal statesencodedas a BDD, just asthe initial state,and T has
beende ned asarelation,we cantake advantageof thesefactsby searchindackwards
instead.Thatis, we startwith the goal setanditerateuntil we encountethe startstate.
Theformulafor nding thesesuccessie statess similar to the forward searchexcept
theexistentialquanti cationis now overtheprimed(successoryariables:

B, (%) = 9%( & ,()[x"=x]) " T(x%9)

In bidirectionalbreadth- rstsearch forward and backward searchare carriedout
concurrently We keeptrack of both the forward searchfrontier F; (which initially is
Fo = s) andthebackwardsearchrontier B, (whichinitially is Bg = G). Whenthetwo
frontiersintersect(  ~ g, . 0), we have foundtheoptimalsolutionof length f + b.
Thesetwo searchhorizonsare storedin fOpenandbOpenandthe function forward()
returnstr ue or false accordingto which frontier shouldbe explored for the current
iteration. The bidirectionalversionof the breadth- rst searchalgorithmis shavn in
Figure8 onthefacingpage.
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Bidirectional -Breadth-First-Search()

1 fOpen fsg
2 bOpen G
3 do

if (forward())
Succ  9x(fOper(x) * T(x; x9)
fOpen  Sucgx=xJ

4
5

6

7 else
8 succ  bOperix®=x]

9 bOpen  9xYbOperfx®) * T(x; x9)
10 while (fOpen* bOpen 0)

Fig.8: Pseudaodefor thebidirectionalbreadthrst search.

The forward() function doesnot simply alternateequally betweentr ue andfalse.
Theoptimisationcomesfrom thefactthatwe canselectthe searctdirectionaccording
to certaincriteriasuchasBDD size,the numberof statesencodedpr thetime spenton
thelastexplorationstepin thatdirection.

4.3 Forward SetSimpli cation

In orderto reducethe numberof statesin the searchfrontier, we will introducea set
calledClosedcontainingall previously expandedstatesThis bothavoidsexploringthe

samestatesnorethanonce,and,moreimportantly ensureghatthe searchierminates
in caseof validationfailure. In ordinary memorystructuresthis is commonlyimple-

mentedasahashtable,referredto asatranspositiortable whereasn symbolicsearch
it is calledforward setsimpli cation. Thistechniqueappliedto the breadth- rstsearch
algorithmfrom Figure6 on page9, canbeseenn Figure9.

Forward-Set-Simplificaion

1 closed open g

2 do

3 Succ  9x(Oper(x) * T(x; X9)[x=x9
4 Open Succ: Closed

5 Closed Closed Succ

6 while (Opem ¢ 0)

Fig.9: Pseudaodefor a searchwith theforwardsetsimpli cation technique.
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5 Optimisations

In thefollowing sectionave will look attwo optimisationgfor thesymbolicsearchAn
algorithmfor dynamicvariableorderinganda partitioningtechnique.

5.1 Sifting

Therearetwo mainwaysof doingvariableordering:staticanddynamic.Staticordering
determinesnorderfor thevariablesat the beginning of the processaindnever changes
it. Dynamicorderingattemptgo optimisethe orderingbetweeneachoperationon the
BDD.

Onesuchalgorithmis calledsifting [Rud93. It is basedon nding the optimalpo-
sitionfor avariableassuminghe otherpositionsare x ed.For aBDD with n variables
leadsto n possiblepositionsto try including the currentone.The goalis thento nd
the positionthatminimisesthe sizeof the BDD. This is doneby swappingthevariable
with anadjacenwariableup anddown the BDD until all positionshave beentried, and
thenswappingit backto thebestposition.

5.2 Partitioning

In the worst casescenariothe size of a BDD may grow exponentiallywith the num-
ber of variables.In thesesituationsit may be advantageouso partitionthe BDD into
smallerparts. Especiallyin the successdpredecessocomputationthe intermediate
BDDs tendto belarge comparedo the BDD representinghe result[JBV02]. A tech-
nigueto avoid this problemis partitioningof the transitionrelation.Partitioningcanbe
in eitherdisjunctive or conjunctive form, whereeachpartitionT; isimplicitly combined
usingthe_ or the” operatorrespectiely, to form thefull transitionrelation. There-
lationalproduct,asde nedin Section2.2 on page3 canthenbe optimisedusingthese
partitions,without ever constructinghe BDD for thefull transitionrelation.

To make a disjunctive partitioning,thetransitionrelationis partitionedaccordingo
whatvariablesis modi ed. If ¥ is the variableswhich areupdatedn T;, therelational
productcomputatiorwith a disjunctive partitionedrelation,is ontheform:

5.9 = (9%( s, , (9™ (TiGexY_  _ (TiCex9))x"
= (90 ( s, 00) " Tolx % =

_ (9% (s,,08) ™ Ti08:6 M5

This will reducethe problemof computing s, to one of computinga seriesof
relationalproductsnvolving smallerBDDs. Thecompleity of the successocomputa-
tion depend®n the numberof partitions.For this reasonthe bestperformances often
obtainedby meming someof the partitionsaccordingto an upperboundon the size
of the BDD representing patrtition. In particulay partitionswith stronglyinteracting
componentaregoodcandidatesor merging [Yan99.
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6 Experimental Results

We have implementedhe PUMA modelcheclerin Java usinga BDD packagecalled
JDD [VaHh. PUMA consistsof a compilerfrom the INPUMA languageto aninternal
representatiobasecn BDDs, a graphicaluserinterfaceanda symbolicsearchengine
whichimplementghefollowing techniques:

— Breadth- rstsearch
— Forwardsetsimpli cation
— Bi-directionalsearch
Directionchoserfrom BDD sizes
Directionchoserfrom shortestime spendaston eachdirection

TheJDD packages built ontheBUDDY [LN] interface,but doesnot have support
for variablereordering Thereforesifting andpartitioninghasnot beenimplemented.

We have testedPUMA on modelsof puzzlegamesand are successfullyable to
computewhetheror not they are solvable.In the following two sectionswe will ex-
aminetwo puzzlesandthee ectof the heuristicsbidirectionalsearchandforward set
simpli cation onthose.

6.1 Lights Out

TheLights Outpuzzleconsistf agrid of cells,whichhavelightsin them.By toggling
a switch insidea cell, the lights in the cell, andin the non-diagonallyadjacentcells,
changeto the oppositeof whatthey were. The puzzlestartwith all lightso andthe
goalisto light themall. Themodelof the5 5 variantis shovnin Figurel2onpagel9
in the appendix This versionhas2?® di erentcombinationgeachabldrom theinitial
con guration[ScH].

In Figure 10(a) on the following pagewe seethe size of the Open BDD at the
di erentiterationsof the searchalgorithm,usingnoneof the heuristics Lights Out is
an exampleof a modelwherethe backwardsBDD startsin an equivalentsituationas
theOpenBDD, only with all valuesinverted Becausef this, Lights outbene tshighly
from usingbidirectionalsearchasseenin Figure 10(b) on the following page.In fact
using bidirectionalsearchwill never have a negative e ect, but is more bene cial in
situationswherethe sizesof thebackwardsandforwardsBDD expandatasimilarrate.

6.2 PegSolitaire

The Pgy solitairepuzzleconsistsof a boardwith holes.The puzzlestartswith pegsin
eachholeexceptthemiddleone.Thegoalis to remove pegsby jumpingwith apeg over
anothemey. The peg which hasbeenjumpedoveris removed. The gameis won when
only onepeg remains An unsohable5 5 variantis shavnin Figure13 onpage20in
theappendix.

In Figurell(a)on pagel5 we seethe sizeof the OpenBDD atthedi erentitera-
tionsof thesearchalgorithm.In this caseusingnoneof the heuristicsln contrasto the
Lights Out searchthe OpenBDD continuesto grow with the numberof represented
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Iterationf_Open| |lterationDirection f Openlb_Oper
0 0 0 - 0 0
1 316 1 f 316 0
2 1.906 2 b 316 316
3 6.827 3 f 1.906 | 316
4 17.120 4 b 1.906 | 1.906
5 44.559 5 f 6.827 | 1.906
6 [123.695 6 b 6.827 | 6.827
7 |272.70( 7 f 17.125| 6.827
8 [438.904 8 b 17.120| 17.120
9 |522.42( 9 f 44.559| 17.120
10 |502.91d 10 b 44.559| 44,559
11 |378.82( 11 f 123.695 44.559
12 |192.615 12 b 123.695123.694
13 | 64.395 13 f 272.700123.695
14 | 15.093 14 b 272.700272.700
15 69 15 f 438.909272.70d

@

Fig.10:(a):LightsOut5 5:Solvedin 492sec.(b): LightsOut5 5:Usingbidirectional

andsolvedin 118sec.

(b)
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statesuntil a pointwherethe sizeremainalmostconstantThe forward setsimpli ca-
tion technigudendsitself well to this situationbecausét reduceshe numberof states
representedy the BDD, which in turn decreasethe size.Figure 11(b) shows theit-
erationsif this techniques applied.If usedin the Lights Out situationwe saw before,
we would forcethe BDD into a situationwhereit might represenfewer statesput the
actualBDD representingt is larger.

Iterationf_Open |lterationf Openf_closed

0 0 0 0 0

1 74 1 62 74

2 241 2 220 241
3 549 3 499 549
4 1.354 4 1.222| 1.354
5 3.096 5 2.731| 3.096
6 6.781 6 5.674| 6.781
7 13.717 7 10.63§ 13.717
8 24.961 8 17.941 24.961
9 140.422 9 26.193 40.422

10 |57.945 10 |32.487 57.945
11 |73.693 11 |33.547 73.693
12 |84.449 12 |28.533 84.449
13 |90.085 13 |22.299 90.085
14 |91.685 14 ]16.482 91.685
15 |90.652 15 |11.237 90.652
16 |88.506 16 | 7.007| 88.506
17 |86.428 17 | 4.065| 86.428
18 |84.913 18 | 2.190| 84.913
19 |83.985 19 | 1.093| 83.985
20 |83.616 20 553 | 83.616
21 |83.465 21 270 | 83.465
22 |83.415 22 140 | 83.415

(@) (b)

Fig.11: (a): Pegg Solitaire5 5: Provednon-sohablein 19,4sec.(b): Peg Solitaire5 5:
Usingforwardsetsimpli cation andprovednon-sohablein 11,8sec.
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7 Conclusion

In this article we have developeda languageto describemodelsof puzzlesand an
encoderto translateit into Binary DecisionDiagrams.In addition,a symbolicmodel
checler for the encodedpbuzzleswasimplementedising bidirectionalsearchandfor-
ward setsimpli cation. In the experimentalresultswe found thatin somescenarios,
thesetwo heuristicsreducedhe searchtimesby several ordersof magnitudewhereas
in othersthey did nothave ary e ect,or evenincreasedhesearchime.

8 Future Work

Onefeaturewe have not looked at in this article, which could help combatthe state
spaceexplosionproblem,is how to exploit symmetryin a puzzle.The statespaceis
reducedy consideringstatesvhich areequivalent,for instanceby permutationsvhich
interchangethe identitiesof someof its componentsThis equivalenceis commonly
known asthe orbit relationandgivesriseto a bisimilar structureover the equivalence
classe§EWO05]. The InPUMA languagevould have to be extendedin orderof speci-
fying which componentsiresymmetrical.

Another path worth examiningwould be to replacethe BDD packageAn inter
estingpackagds JavaBDD [Wha] which hassupportfor variablereorderingandmay
interfacedirectly to the native BuDDy library (writtenin C) [LN].
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Appendix A
PuzzleModels

1| Init {

2 boolean [5][5] board; // 5x5 board

3 board. fill (false); /1 Assign " false" to all cells
411}

5

6 | Goals {

7 /I All cells in the array must have the value "true"
8 Goal (board . allEquals(true));

9

10

11 | Rules {

12 reference pl = pick (0..4); // Pick a row number

13 reference p2 = pick (0..4); // Pick a column number
14

15 Rule (true) { // This rule is always applicable

16 /1 Switch the boolean value of the cell and its neighbours
17 board[pl][p2] = !board[pl][p2];

18 board[pl + 1][p2] = !board[pl + 1][p2];

19 board [p1 1][p2] = !board[pl 1][p2];

20 board[pl][p2 + 1] = !board[pl][p2 + 1];

21 board[pl][p2 1] = !board[pl][p2 1];

22 }

23|}

Fig.12: TheLights Out puzzlemodeledn InPUMA.
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20 References
1] Init {
2 /1 01234
3 /I 0oooo0oO0
4 /' Tooooo
5 /I 200Eo0oO0
6 /I 300000
7 /I 400000
8
9 boolean [5][5] board; // false == empty, true == peg
10 board. fill (true); /I Fill with pegs
11 board[2][2] = false; // Empty
12 int (5) pegs = 24; /! Number of pegs
13|}
14
15| Goals {
16 Goal (pegs == 1);
17|}
18
19 | Rules {
20 reference pl = pick (0..4);
21 reference p2 = pick(0..4);
22
23 Rule( // Try to move right
24 board [pl][p2] == true &&
25 board[pl + 1][p2] == true &&
26 board[pl + 2][p2] == false
27 ) {
28 board[pl][p2] = false;
29 board[pl + 1][p2] = false;
30 board[pl + 2][p2] = true;
31 pegs = pegs 1;
32 1
33
34 Rule( // Try to move left
35 board[pl][p2] == true &&
36 board[pl 1][p2] == true &&
37 board [pl 2][p2] == false
38 ) {
39 board[pl][p2] = false;
40 board[pl 1][p2] = false;
41 board[pl 2][p2] = true;
42 pegs = pegs 1;
43 }
44
45 Rule( // Try to move up
46 board[pl][p2] == true &&
a7 board [pl][p2 1] == true&&
48 board [pl][p2 2] == false
49 ) {
50 board[pl][p2] = false;
51 board[pl][p2 1] = false;
52 board[p1][p2 2] = true;
53 pegs = pegs 1;
54 1
55
56 Rule( // Try to move down
57 board [pl][p2] == true &&
58 board [pl][p2 + 1] == true &&
59 board[pl][p2 + 2] == false
60 ) o
61 board[pl][p2] = false;
62 board[pl][p2 + 1] = false;
63 board[pl][p2 + 2] = true;
64 pegs = pegs 1;
65 1
66 | }

Fig.13: The5x5 Pey Solitairepuzzlemodeledn INPUMA.



