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Abstract. In this article we apply the techniqueof model checkingto puzzle
games.We develop a tool, PUzzlechecker for autoMAtedreachability analysis
(PUMA), to checkif puzzlescanbe solved from somegiven initial stateusing
reachabilityanalysis.For this purposewe have developeda languageto describe
modelsof puzzlesandanencoderto translateit into Binary DecisionDiagrams
representingthe model.To combatthe statespaceexplosion problem,PUMA
usesvariousheuristics.

1 Intr oduction

Model checkingis a rathernew techniquewhich is usefulin theformal veri�cation of
di� erenttypesof systems[CCLW99, CAB+98, EOH+93, Low96]. Oneof themaindif-
�culties is the statespaceexplosionproblem,which to someextentcanbe countered
with statespacereductiontechniquessuchaspartitioning [SIJ+02] andsymmetryre-
duction [EW05]. We have implementeda modelchecker (calledPUMA), which can
compilea oneplayerpuzzlegame1 from our own language,calledInput language for
PUMA (InPUMA), into a symbolic representationthat can be analysed.This model
checker is ableto determinewhetheror not it is possiblefrom the initial stateof the
puzzleto reachagoalstate,i.e.solveareachabilityproblem.Thisis doneby asymbolic
searchengineoperatingon datastructurescalledBinary DecisionDiagrams(BDDs,
introducedby R. E. Bryant in 1986[Bry86]). To speedup thesearch,theengineuses
variousheuristictechniquesandoptimisations.

RelatedWork Puzzlegamemodelcheckingis not a widely explored�eld, but lends
itself to a lot of otherproved techniques,namelypartitioning[SIJ+02], symmetryre-
duction [EW05] andsifting [MD03]. Edelkamp[Ede00] describesdi� erentheuristic
searchplanningtechniques,someof which we have basedthesymbolicsearchengine
in PUMA on.

1 A puzzlegamecontainsno randomisationandhasperfectknowledge(i.e. thereis no hidden
information).In solitairegamessuchasKlondike wheresomecardslie facedown, themodel
checker still needsto know whichcardsarewhere.
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Contrib ution We have implementeda new languageto modelpuzzlegames,which
shouldbe more intuitive, for puzzlegames,than languagesin more generalmodel
checkers like SPIN [Bel] and UPPAAL [Upp]. From that languagewe have imple-
mentedacompilerthatcompilesamodelin thelanguageinto aninternalrepresentation
basedon BDDs usingtheJDD [Vah] package.Fromthis representationthesolvability
of themodelcanthenbedetermined

Outline Section2 gives backgroundinformation on BDDs and propositionallogic
which forms the foundationof thesearchalgorithmsandoptimisations.Section3 de-
scribesthenew InPUMA languagethatwehavedevelopedandthecompilationprocess.
Section4 exploresdi� erentsearchtechniques,andSection5 dealswith two optimisa-
tions:variableordering(sifting) andpartitioning.In Section6 we look into thee� ects
of theheuristicson two examplemodels.

2 Background

Therearetwo aspectsof a puzzlegamethatwe needto model:thestatesof thepuzzle
andtheruleswhich describethe legal movesfrom a givenstateto another. Both these
aspectscanberepresentedusingBDDs,which canbemanipulatedin thesameway as
formulaefrom propositionallogic.

2.1 Binary DecisionDiagrams

A binarydecisiondiagramis a datastructurefor representingbooleanfunctions.On a
moreabstractlevel, BDDs canbeconsideredasa compressedrepresentationof setsor
relations.

De�nition 1 (Binary Decision Diagram (BDD)). A Binary DecisionDiagram is a
rooted,directedacyclic graph(V; E). ThesetV containsoneor two terminal vertices
0; 1 2 V. Theverticesv 2 Vnf0; 1gare non-terminaland havetwo edgeslow(v) and
high(v). Each v alsohavea variablevar(v).

Given a truth assignmentof the variables,the valueof the function is determined
by traversingtheBDD topdown. Thehighedgeis followedif thevariablemarkingthe
currentnodeis tr ue, the low edgeotherwise.Thevalueof theBDD is tr ueif theleaf
marked1 is reached,andfalseotherwise.

De�nition 2 (Ordered Binary DecisionDiagram (OBDD)). A BDD is orderedif on
all pathsthroughthegraph,thevariablesrespecta giventotal order.

A BDD is ordered if eachvariableappearsat mostonceon any pathfrom a top
nodeto a terminalnode.Thesizeof aBDD is sensitiveto thechosenvariableordering.
Finding an optimal orderingis a NP-completeproblem[GLM03]. We will look into
this issuein Section5.1onpage12.
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De�nition 3 (ReducedOrderedBinary DecisionDiagram (ROBDD)). AnOBDDis
reducedif for all non-terminalverticesv; u thefollowing propertieshold:

1. Non-redundant:low(u) , high(u)
2. Uniqueness:var(u) = var(v); low(u) = low(v); high(u) = high(v) ) u = v.

An OBDDis reducedif everynodeisnon-redundantandunique.Thenon-redundant
criteriamakessurethatany nodewherethehigh andlow edgepointsto thesamenode
is removed.Uniquenessensuresthatcommonsub-graphsaresharedinsteadof pointing
to severalidenticalnodes[And98].

De�nition 4 (Characteristic function). For a setof statesS, thecharacteristicfunc-
tion � S(a) evaluatesto tr ue, if a is thebinaryencodingof onestatex in S.

Givena �x ed-lengthbinarycodefor thestatespaceof a planningproblem,BDDs
canbeusedto representthecharacteristicfunctionof asetof states.Operationsonsets
arereducedto booleanoperationsof thecharacteristicfunctions:

– Emptyset:� ; = 0
– Unionof sets:� S[ T = � S _ � T

– Intersectionof sets:� S\ T = � S _ � T

2.2 PropositionalLogic

The reachabilityproblemcanbe representedasa four-tuple (S; T; i;G), whereS is a
setof states,T : S � S is a transitionrelation,where(s; s0) 2 T i� thereis a path
leadingfrom s to s0. Variablei is the initial stateof the search,andG is the set of
goal states.A solution is a sequenceof states~s = s0; : : : ; sn, wheres0 = i, sn 2 G
and

V n� 1
j=0(sj ; sj+1) 2 T [JBV02].

To betterunderstandhow a puzzlecanbe translatedinto this representationof the
reachabilityproblem,we will presenta simpleexample:an elevator is to transporta
personfrom theground�oor to thetop.Theelevatorcanbeoneitherthegroundor the
top�oor . Thiscanberepresentedby asinglebit, x0, which is falseif it is ontheground
�oor andtr ue if it is on the top �oor . The personcanbe eitheron the ground�oor ,
thetop �oor , or in theelevator. This requiresanencodinglengthof two bits, x1 andx2,
whichcantake thevalues: x1 ^ : x2, x1 ^ : x2 and: x1 ^ x2, respectively. A statein the
problemcannow bedescribedusinganencodingof thevariables~x = (x0; x1; x2).

If both thepersonandtheelevatorstartat theground�oor , the booleanrepresen-
tation for the initial statei is givenby i = : x0 ^ : x1 ^ : x2. Thegoalconditionis not
dependentonthelocationof theelevator, andthesetof goalstatesG is thusrepresented
by G = x1 ^ : x2. TheBDDsrepresentingtheinitial stateandthegoalstatescanbeseen
in Figure 1 on the following page.These�gures have beenautomaticallyproduced
usingthePUMA modelchecker, which is why the namingis a di� erentthantheone
usedhere.In these�gures, thepre�x “C” representsthecurrentvariablesand“N” the
succeeding(new) ones.Thezerosink andtheedgesleadingto it hasbeenomittedfor
aestheticreasons.

In orderto verify that the puzzleis solvable,we needto obtaina sequenceof ac-
tions,or transitions, which transformstheinitial stateinto onewhich satis�esthegoal
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(a) Initial
state

(b) Goal
states

Fig.1: Initial stateandgoalstatesof theelevatorproblem.

condition.Thesetransitionsarerepresentedasrelations, i.e. assetsof tuplesof prede-
cessorandsuccessorstates.Wewill usethenotationof primedvariablesto identify the
successorstate.

De�nition 5 (The transition relation). Let (x; x0) be a pair of stateswhere x is the
predecessorstateof x0. ThetransitionrelationT is thende�nedasthedisjunctionof the
characteristicfunctionsof all such pairs.

In theelevatorproblem,therule “move_up”and“move_down” for theelevator is
independentof the locationof the personandcanbe formalisedusing the following
functions2:

Tmove_up = (: x0 ^ x0
o) ^ (x1 $ x0

1) ^ (x2 $ x0
2)

Tmove_down = (x0 ^ : x0
o) ^ (x1 $ x0

1) ^ (x2 $ x0
2)

The rule “enter” and“exit” dependson the position of both the elevator and the
person,anddoesnot changethe locationof theelevator. Theserulescanbe givenby
thefunctions:

Tenter = (x0 $ x0
0) ^ (x0 $ x1) ^ : x2 ^ : x0

1 ^ x0
2

Texit = (x0 $ x0
0) ^ : x1 ^ x2 ^ (x0 $ x0

1) ^ : x0
2

ThewholetransitionrelationT for theelevatorproblemcanbeseenin Figure2 on
thefacingpage,andis thengivenby:

2 The$ signis thebi-implicationoperator.
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T = Tmove_up _ Tmove_down _ Tenter _ Texit

Fig.2: Thetransitionrelationof theelevatorproblem.

The basicstepwhencalculatingthe set of successorstatesis with the useof an
expressioncalled the relational product. Here,a state~x 0 (encodedasa bit vectorof
booleanvariables)belongsto asetSi if it hasapredecessor~x in thesetSi� 1, andit can
betransformedinto ~x usingthetransitionrelationT [Ede00].

De�nition 6 (Calculation of the successorstates).Let Sn be thesetof statesreach-
able from the initial statei in n steps,initialised by S0 = i. The following equation
determines� Sn givenboth� Sn� 1 andthetransitionrelation:

� Sn(~x) = (9~x(� Sn� 1(~x) ^ T(~x; ~x 0)))[~x=~x0]

In the elevator example,the �rst iterationof �nding the successorstatesfrom the
initial stateis givenby:

� S1 = (9~x(: x0 ^ : x1 ^ : x2) ^ T(x0; x1; x2; x0
0; x0

1; x0
2))[~x=~x 0]

= ((: x0
0 ^ : x0

2) _ (x0
0 ^ : x0

1 ^ : x0
2))[~x=~x 0]

= (: x0 ^ : x2) _ (x0 ^ : x1 ^ : x2)
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3 Input Language

We have designeda languagewhich worksasthe input to thePUMA modelchecker.
Themaingoalof thecreationof thelanguagewasto makeit relativelyeasyandstraight-
forwardto modelpuzzlegames.In comparison,wecouldhaveusedotherlanguagesfor
modelcheckingsuchasPROMELA/SPIN[Bar] (anopensourcemodelcheckerdevel-
opedby Bell Labs)or STRIPS/PDDL [FL03] (an attemptat standardisingmodelling
languagesfor theplanningdomain).While theseareveryexpressive,they arealsovery
low-level andasaresult,not very intuitive to usein thepuzzlegamesdomain.

3.1 Syntax

TheInPUMA languageis veryspecialisedin thesensethatit doesnot includemany of
the constructsusuallyassociatedwith programminglanguages,suchasthe if andfor
constructs.Instead,it is moresimilar to logic programminglanguages,andseveralnew
constructshasbeenincludedto make it easyto describethe rulesof thegameandto
accommodatethedi� erencesof eachclassof puzzle.An exampleof apuzzlemodelled
in InPUMA canbeseenin Figure3. Thecompletegrammarof InPUMA canbefound
on the projecthomepage[EJV] alongwith several modelsof puzzlegames,suchas
Rubik's Cube,FreeCell,Peg Solitaire,Sokobanandothers.A shortenedextract from
thegrammarin EBNFfor our languageis givenin Figure4 on thefacingpage.

� �
1 I n i t {
2 i n t ( 2) per son = 0 ; / / Ground f l oo r
3 i n t ( 1) el ev at or = 0 ; / / Ground f l oo r
4 }
5
6 Goal s {
7 Goal ( per son = = 1) ; / / Per son i s on Top f l oor
8 }
9

10 Rul es {
11 Rul e( per son = = el ev at or ) { / / Let per son i n
12 per son = 2 ; / / Per son i s i n el evat or
13 }
14
15 Rul e( per son = = 2) { / / Let per son out
16 per son = el ev at or ; / / Per son i s on same f l oor as el evat or
17 }
18
19 Rul e( el ev at or = = 0) { / / Move el evat or up
20 el ev at or = 1 ;
21 }
22
23 Rul e( el ev at or = = 1) { / / Move el evat or down
24 el ev at or = 0 ;
25 }
26 }

� �

Fig.3: Theelevatorproblemmodelledin InPUMA.
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Puzzle ::= init-block goals-block rules-block

init-block ::= 'Init' '{' { statement } '}'
goals-block ::= 'Goals' '{' { goal } '}'
rules-block ::= 'Rules' '{' { pick-decl | rule } '}'

goal ::= 'Goal' '(' boolean-exp ')' ';'
rule ::= 'Rule' '(' boolean-exp ')' '{' { assignment } '}'
statement ::= variable-decl | structure-decl | assignment
pick-decl ::= 'reference' variable '=' 'pick' '(' exp-list ')' ';'

Fig.4: A simpli�ed grammarof InPUMA

A puzzlewrittenin InPUMA is dividedinto threeblocks:init, goalandrules. Below
is a descriptionof whateachof thesedoes:

Init: This block setsup the initial stateof the puzzlegame.Only variabledeclara-
tions, structurede�nitions (which areuser-de�ned compositetypes)andassignments
areallowedhere.

Goals: Thisblockde�nesthegoalconditions,andonly thegoal statementareallowed
here.A goal hasa booleanexpressionwhich evaluatesto tr ue whenever the goal
conditionshasbeenmet,andfalseotherwise.

Rules: Thisblockde�nesthetransitionsbetweenagivenstateandthestatesreachable
accordingto the rulesof the puzzle.Only the rule andpick statementsareallowed
here.A rule statementconsistsof a booleanexpressionanda numberof variableas-
signments.If theexpressionevaluatesto tr ue(therule is applicable),theassignments
describeshow thestatechanges.

A pick statementis a variabledeclaration,assignedwith a value,which is chosen
non-deterministicamonga given setof values.This setconsistsof comma-separated
values,whereintegerrangesmaybegivenwith the“ .. ” keyword.For instance,if we
wantto pick a cell in a 5 � 5 arraywe couldconstructtwo pick statementslike this:

reference rowNumber = pick(0 .. 4) ;
reference columnNumber= pick(0 .. 4) ;
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3.2 Compilation

Internally, themodelchecker usesbooleanlogic both to representthestatespaceand
the transitionrelations.We have createda compilerfor the InPUMA language,which
build theseinternalstructures.Therearefour mainBDDs whichmustbeconstructed:

varSpace: Representsthevariableswhichcanbemanipulatedin therules.
start : Representsthestartingcon�gurationof thevariablesin thestatespace.
goal : Representsthegoalcon�gurationof thevariablesin thestatespace.
transRel : Representsall rulesasonetransitionrelation.

We will breakthecompilationinto threeparts,correspondingto thethreeblocksof
theprogram:

Init For eachvariabledeclaration,anumberof BDD variablesis addedto thevarSpace
BDD, accordingto thenumberof bitsneededto representthevariable.

Assignmentsin theinit block aretransformedto BDDs,combinedusingthe^ op-
eratorandstoredin thestart BDD. For instance,theassignment“a = 2;”, where“a” is
anintegerof 3 bits, thefollowing BDD is created:“ : a2 ^ a1 ^ : a0”

An issuewhencompiling InPUMA into booleanlogic is that variablesmustbeof
a �nite domain.Onecouldarguethata typesuchasthe integer is usuallyrepresented
by a �x ed lengthof 32 bits andis thus�nite. This, however, might not be a very ef-
�cient solution,in thecaseof integervariables,theprogrammerhasthepossibilityof
specifyingthenumberof bits,suchas“ int(3) smallInt '.

Finishingthe compilationof the init block, the compilerchecksthat all variables
havebeeninstantiated.All variablesin thestatespaceis thenduplicatedandstoredfor
usein thetransitionrelation.

Goals Thegoalexpressionsaretransformedto BDDs,combinedusingthe^ operator,
andstoredin thegoal BDD. Thebooleanexpressions&&, ||and! canbetranslatedal-
mostdirectly. Theequalityoperator== is translatedusingthebidirectionaloperator$ .
For instance,“a == 2” is translatedto “(a2 $ false) ^ (a1 $ tr ue) ^ (a0 $ false)” ,
where“ false, tr ue, false” is thebinaryencodingof theinteger“2”. Sincethis expres-
sionis createdusingconstants,theresultingBDD canbereducedto “ : a2 ^ a1 ^ : a0”.
Noticethatthis is thesameBDD astheassignmentoperatorin theinit block.

Rules The rulesof the puzzleis alreadysomewhat similar to the transitionrelations
of booleanlogic, sincethey consistof a numberof prerequisitesanda numberof new
variableassignments.This is to someextentwhatwe usedin thenotion (~x; ~x 0) in the
elevatorexamplefrom Section2.2onpage3 aboutpropositionallogic.Theassignments
in arule representthenew valuesof thevariablesin thenew state.All BDDswhichare
createdfrom therulesare�nally combinedusingthe_ operator, andthenstoredin the
transRel BDD.

Therulesmayneedto beexpandedif any “pick ” variablesaregiven.For eachrule
which includesa “pick ” variable,this rule is expandedto severalnew rules– onerule
for eachvaluethatthevariablemayassume.
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4 StateSpaceExploration

For thesymbolicexploration,thesetof statesis combinedwith thetransitionrelation.
By queryingfor all instancesof ~x 0 we �nd all stateswhich are reachablefrom the
input set~x. Startingfrom the initial state,eachiterationof searchalgorithmsexplores
theprevioussearchhorizonuntil eventuallythewholesetof reachablestateshasbeen
covered.In the following sectionswe presentsthe algorithmsusedfor the symbolic
searchin PUMA.

4.1 Breadth-First Search

A breadth-�rst searchalgorithmexploresthe frontier betweendiscoveredandundis-
coveredstatesuniformly acrossthebreadthof the frontier. In the following we apply
this algorithmto thesymbolicdomain.

We will let Openbethesetof stateswhich marksthesearchhorizon,andSuccbe
thesetof successorstatesafteroneiterationof thealgorithm.Thesearchis terminated
whenthesetOpencontainsa statein � G, asillustratedin Figure5. This is constructed
by testingthe equivalenceof the intersectionof thesetwo sets,with the trivial zero
function(theemptyset).The�nal breadth-�rstsearchalgorithmis shown in Figure6.

G
S2S1S0 Si

T T T T

G GG

Fig.5: An exampleof a forwardpassof thealgorithm.After i steps,thesetsSi andG
overlap.

Breadth-First -Search

1 Open � fsg

2 do
3 Succ 9x(Open(x) ^ T(x; x0))
4 Open Succ[x=x0]
5 while (Open̂ � G � 0)

Fig.6: Pseudocodefor thebreadth-�rstsearchalgorithm.
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Whenapplyingthis algorithmto theBDDs we constructedasan examplein Sec-
tion 2.2on page3, thealgorithmwill terminateafterthreeiterations.TheBDDs repre-
sentingtheOpensetaftereachiterationcanbeseenin Figure7. As the�gures indicate,
thesymbolicrepresentationfor a largesetof statesis typically smallerthanthecardi-
nality of therepresentedset.

(a) Iteration1 (b) Iteration2 (c) Iteration3

Fig.7: Searchiterationsof theelevatorproblem.

4.2 Bidir ectionalSearch

Sincewe have the goal statesencodedasa BDD, just as the initial state,andT has
beende�nedasarelation,wecantakeadvantageof thesefactsby searchingbackwards
instead.Thatis, we startwith thegoalsetanditerateuntil we encounterthestartstate.
Theformulafor �nding thesesuccessive statesis similar to theforwardsearch,except
theexistentialquanti�cationis now over theprimed(successor)variables:

� Bi (~x) = 9~x 0((� Bi� 1(~x)[~x 0=~x]) ^ T(~x; ~x 0))

In bidirectionalbreadth-�rstsearch,forward andbackward searcharecarriedout
concurrently. We keeptrack of both the forward searchfrontier Ff (which initially is
F0 = s) andthebackwardsearchfrontier Bb (which initially is B0 = G). Whenthetwo
frontiersintersect(� Ff ^ � Bb . 0), we have foundtheoptimalsolutionof length f + b.
Thesetwo searchhorizonsarestoredin fOpenandbOpenandthe function forward()
returnstr ue or false accordingto which frontier shouldbe explored for the current
iteration.The bidirectionalversionof the breadth-�rst searchalgorithm is shown in
Figure8 on thefacingpage.
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Bidirectional -Breadth-First -Search()

1 fOpen � fsg

2 bOpen � G

3 do
4 if (forward())
5 Succ 9x(fOpen(x) ^ T(x; x0))
6 fOpen Succ[x=x0]
7 else
8 succ bOpen[x0=x]
9 bOpen 9x0(bOpen(x0) ^ T(x; x0))

10 while (fOpen̂ bOpen� 0)

Fig.8: Pseudocodefor thebidirectionalbreadth�rst search.

The forward() functiondoesnot simply alternateequallybetweentr ueandfalse.
Theoptimisationcomesfrom thefactthatwe canselectthesearchdirectionaccording
to certaincriteriasuchasBDD size,thenumberof statesencoded,or thetimespenton
thelastexplorationstepin thatdirection.

4.3 Forward SetSimpli�cation

In orderto reducethe numberof statesin the searchfrontier, we will introducea set
calledClosedcontainingall previouslyexpandedstates.Thisbothavoidsexploringthe
samestatesmorethanonce,and,moreimportantly, ensuresthat thesearchterminates
in caseof validationfailure. In ordinarymemorystructures,this is commonlyimple-
mentedasahashtable,referredto asa transpositiontable, whereasin symbolicsearch
it is calledforward setsimpli�cation. This technique,appliedto thebreadth-�rstsearch
algorithmfrom Figure6 onpage9, canbeseenin Figure9.

Forward-Set-Simplification

1 closed open � fsg

2 do
3 Succ 9x(Open(x) ^ T(x; x0))[x=x0]
4 Open Sucĉ : Closed
5 Closed Closed_ Succ
6 while (Open̂ � G � 0)

Fig.9: Pseudocodefor a searchwith theforwardsetsimpli�cation technique.
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5 Optimisations

In thefollowing sectionswewill look at two optimisationsfor thesymbolicsearch.An
algorithmfor dynamicvariableorderingandapartitioningtechnique.

5.1 Sifting

Therearetwo mainwaysof doingvariableordering:staticanddynamic.Staticordering
determinesanorderfor thevariablesat thebeginningof theprocessandneverchanges
it. Dynamicorderingattemptsto optimisetheorderingbetweeneachoperationon the
BDD.

Onesuchalgorithmis calledsifting [Rud93]. It is basedon �nding theoptimalpo-
sition for a variableassumingtheotherpositionsare�x ed.For aBDD with n variables
leadsto n possiblepositionsto try including the currentone.The goal is thento �nd
thepositionthatminimisesthesizeof theBDD. This is doneby swappingthevariable
with anadjacentvariableupanddown theBDD until all positionshavebeentried,and
thenswappingit backto thebestposition.

5.2 Partitioning

In the worst casescenario,the sizeof a BDD may grow exponentiallywith the num-
ber of variables.In thesesituationsit may be advantageousto partition the BDD into
smallerparts.Especiallyin the successor/predecessorcomputation,the intermediate
BDDs tendto be largecomparedto theBDD representingtheresult[JBV02]. A tech-
niqueto avoid this problemis partitioningof thetransitionrelation.Partitioningcanbe
in eitherdisjunctiveor conjunctiveform,whereeachpartitionTi is implicitly combined
usingthe_ or the^ operator, respectively, to form the full transitionrelation.There-
lationalproduct,asde�ned in Section2.2on page3 canthenbeoptimisedusingthese
partitions,without everconstructingtheBDD for thefull transitionrelation.

To makeadisjunctivepartitioning,thetransitionrelationis partitionedaccordingto
whatvariablesis modi�ed. If ~xi is thevariableswhich areupdatedin Ti, therelational
productcomputationwith adisjunctivepartitionedrelation,is on theform:

� Sn(~x) = (9~x(� Sn� 1(~x) ^ (T1(~x; ~x0) _ � � � _ (T j(~x; ~x0))))[~x=~x 0]

= (9 ~x1 (� Sn� 1( ~x1) ^ T1( ~x1; ~x1
0)))[ ~x1=~x1

0]

_ : : :

_ (9 ~x j (� Sn� 1(~x j) ^ T j(~x j ; ~x j
0)))[ ~x j=~x j

0]

This will reducethe problemof computing� Sn to one of computinga seriesof
relationalproductsinvolving smallerBDDs.Thecomplexity of thesuccessorcomputa-
tion dependson thenumberof partitions.For this reason,thebestperformanceis often
obtainedby merging someof the partitionsaccordingto an upperboundon the size
of the BDD representinga partition. In particular, partitionswith stronglyinteracting
componentsaregoodcandidatesfor merging [Yan99].
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6 Experimental Results

We have implementedthePUMA modelchecker in Java usinga BDD packagecalled
JDD [Vah]. PUMA consistsof a compilerfrom the InPUMA languageto an internal
representationbasedonBDDs,agraphicaluserinterfaceandasymbolicsearchengine
which implementsthefollowing techniques:

– Breadth-�rstsearch
– Forwardsetsimpli�cation
– Bi-directionalsearch

� Directionchosenfrom BDD sizes
� Directionchosenfrom shortesttime spendlastoneachdirection

TheJDDpackageis built on theBUDDY [LN] interface,but doesnothavesupport
for variablereordering.Thereforesifting andpartitioninghasnotbeenimplemented.

We have testedPUMA on modelsof puzzlegamesand are successfullyable to
computewhetheror not they aresolvable.In the following two sectionswe will ex-
aminetwo puzzlesandthee� ectof theheuristics:bidirectionalsearchandforwardset
simpli�cation on those.

6.1 Lights Out

TheLightsOutpuzzleconsistsof agrid of cells,whichhavelights in them.By toggling
a switch insidea cell, the lights in the cell, and in the non-diagonallyadjacentcells,
changeto the oppositeof what they were.The puzzlestartwith all lights o� andthe
goalis to light themall. Themodelof the5� 5 variantis shown in Figure12onpage19
in theappendix.This versionhas223 di� erentcombinationsreachablefrom the initial
con�guration[Sch].

In Figure 10(a) on the following pagewe seethe size of the Open BDD at the
di� erentiterationsof thesearchalgorithm,usingnoneof theheuristics.Lights Out is
an exampleof a modelwherethebackwardsBDD startsin an equivalentsituationas
theOpenBDD, only with all valuesinverted.Becauseof this,Lightsoutbene�tshighly
from usingbidirectionalsearchasseenin Figure10(b)on the following page.In fact
usingbidirectionalsearchwill never have a negative e� ect, but is morebene�cial in
situationswherethesizesof thebackwardsandforwardsBDD expandatasimilar rate.

6.2 PegSolitaire

ThePeg solitairepuzzleconsistsof a boardwith holes.Thepuzzlestartswith pegsin
eachholeexceptthemiddleone.Thegoalis to removepegsby jumpingwith apeg over
anotherpeg. Thepeg which hasbeenjumpedover is removed.Thegameis won when
only onepeg remains.An unsolvable5 � 5 variantis shown in Figure13onpage20 in
theappendix.

In Figure11(a)on page15 we seethesizeof theOpenBDD at thedi� erentitera-
tionsof thesearchalgorithm.In thiscaseusingnoneof theheuristics.In contrastto the
Lights Out search,the OpenBDD continuesto grow with the numberof represented



14

Iteration f_Open
0 0
1 316
2 1.906
3 6.827
4 17.120
5 44.559
6 123.695
7 272.700
8 438.909
9 522.420
10 502.910
11 378.820
12 192.615
13 64.395
14 15.093
15 69

(a)

IterationDirection f_Open b_Open
0 - 0 0
1 f 316 0
2 b 316 316
3 f 1.906 316
4 b 1.906 1.906
5 f 6.827 1.906
6 b 6.827 6.827
7 f 17.125 6.827
8 b 17.120 17.120
9 f 44.559 17.120
10 b 44.559 44.559
11 f 123.695 44.559
12 b 123.695123.695
13 f 272.700123.695
14 b 272.700272.700
15 f 438.909272.700

(b)

Fig.10:(a):LightsOut5� 5:Solvedin 492sec.(b): LightsOut5� 5:Usingbidirectional
andsolvedin 118sec.



6 ExperimentalResults 15

states,until a point wherethesizeremainalmostconstant.Theforwardsetsimpli�ca-
tion techniquelendsitself well to this situationbecauseit reducesthenumberof states
representedby the BDD, which in turn decreasesthe size.Figure11(b) shows the it-
erationsif this techniqueis applied.If usedin theLights Out situationwe saw before,
we would forcetheBDD into a situationwhereit might representfewer states,but the
actualBDD representingit is larger.

Iterationf_Open
0 0
1 74
2 241
3 549
4 1.354
5 3.096
6 6.781
7 13.717
8 24.961
9 40.422
10 57.945
11 73.693
12 84.449
13 90.085
14 91.685
15 90.652
16 88.506
17 86.428
18 84.913
19 83.985
20 83.616
21 83.465
22 83.415

(a)

Iterationf_Openf_closed
0 0 0
1 62 74
2 220 241
3 499 549
4 1.222 1.354
5 2.731 3.096
6 5.674 6.781
7 10.638 13.717
8 17.941 24.961
9 26.193 40.422
10 32.487 57.945
11 33.547 73.693
12 28.533 84.449
13 22.299 90.085
14 16.482 91.685
15 11.237 90.652
16 7.007 88.506
17 4.065 86.428
18 2.190 84.913
19 1.093 83.985
20 553 83.616
21 270 83.465
22 140 83.415

(b)

Fig.11: (a):Peg Solitaire5� 5: Provednon-solvablein 19,4sec.(b): Peg Solitaire5� 5:
Usingforwardsetsimpli�cation andprovednon-solvablein 11,8sec.
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7 Conclusion

In this article we have developeda languageto describemodelsof puzzlesand an
encoderto translateit into Binary DecisionDiagrams.In addition,a symbolicmodel
checker for theencodedpuzzleswasimplementedusingbidirectionalsearchandfor-
ward setsimpli�cation. In the experimentalresultswe found that in somescenarios,
thesetwo heuristicsreducedthesearchtimesby severalordersof magnitude,whereas
in othersthey did nothaveany e� ect,or evenincreasedthesearchtime.

8 Future Work

Onefeaturewe have not looked at in this article, which could help combatthe state
spaceexplosionproblem,is how to exploit symmetryin a puzzle.The statespaceis
reducedby consideringstateswhichareequivalent,for instanceby permutationswhich
interchangethe identitiesof someof its components.This equivalenceis commonly
known astheorbit relationandgivesriseto a bisimilar structureover theequivalence
classes[EW05]. The InPUMA languagewould have to beextendedin orderof speci-
fying whichcomponentsaresymmetrical.

Anotherpathworth examiningwould be to replacethe BDD package.An inter-
estingpackageis JavaBDD [Wha] which hassupportfor variablereordering,andmay
interfacedirectly to thenativeBuDDy library (written in C) [LN].
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Appendix A

PuzzleModels

� �
1 I n i t {
2 bool ean [ 5 ] [ 5 ] boar d ; / / 5 x5 boar d
3 boar d . f i l l ( f a l se ) ; / / Assi gn " f a l se " to a l l cel l s
4 }
5
6 Goal s {
7 / / Al l c el l s i n the ar r ay must have the val ue " t r ue "
8 Goal ( boar d . al l E qual s ( t r ue ) ) ;
9 }

10
11 Rul es {
12 r ef er ence p1 = pi ck ( 0 . . 4 ) ; / / Pi ck a row number
13 r ef er ence p2 = pi ck ( 0 . . 4 ) ; / / Pi ck a col umn number
14
15 Rul e ( t r ue ) { / / Thi s r ul e i s al ways appl i cabl e
16 / / Swi t ch the bool ean val ue of the cel l and i t s nei ghbour s
17 boar d [ p1 ] [ p2 ] = ! boar d [ p1 ] [ p2 ] ;
18 boar d [ p1 + 1 ] [ p2 ] = ! boar d [ p1 + 1 ] [ p2 ] ;
19 boar d [ p1 � 1] [ p2 ] = ! boar d [ p1 � 1] [ p2 ] ;
20 boar d [ p1 ] [ p2 + 1 ] = ! boar d [ p1 ] [ p2 + 1 ] ;
21 boar d [ p1 ] [ p2 � 1 ] = ! boar d [ p1 ] [ p2 � 1 ] ;
22 }
23 }

� �

Fig.12:TheLightsOut puzzlemodeledin InPUMA.

19



20 References

� �
1 I n i t {
2 / / 0 1 2 3 4
3 / / 0 o o o o o
4 / / 1 o o o o o
5 / / 2 o o E o o
6 / / 3 o o o o o
7 / / 4 o o o o o
8
9 bool ean [ 5 ] [ 5 ] boar d ; / / f a l se = = empty , t r ue = = peg

10 boar d . f i l l ( t r ue ) ; / / F i l l wi t h pegs
11 boar d [ 2 ] [ 2 ] = f a l se ; / / Empty
12 i n t ( 5) pegs = 24 ; / / Number of pegs
13 }
14
15 Goal s {
16 Goal ( pegs = = 1) ;
17 }
18
19 Rul es {
20 r ef er ence p1 = pi ck ( 0 . . 4 ) ;
21 r ef er ence p2 = pi ck ( 0 . . 4 ) ;
22
23 Rul e ( / / Tr y to move r i ght
24 boar d [ p1 ] [ p2 ] = = t r ue &&
25 boar d [ p1 + 1 ] [ p2 ] = = t r ue &&
26 boar d [ p1 + 2 ] [ p2 ] = = f a l se
27 ) {
28 boar d [ p1 ] [ p2 ] = f a l se ;
29 boar d [ p1 + 1 ] [ p2 ] = f a l se ;
30 boar d [ p1 + 2 ] [ p2 ] = t r ue ;
31 pegs = pegs � 1;
32 }
33
34 Rul e ( / / Tr y to move l e f t
35 boar d [ p1 ] [ p2 ] = = t r ue &&
36 boar d [ p1 � 1] [ p2 ] = = t r ue &&
37 boar d [ p1 � 2] [ p2 ] = = f a l se
38 ) {
39 boar d [ p1 ] [ p2 ] = f a l se ;
40 boar d [ p1 � 1] [ p2 ] = f a l se ;
41 boar d [ p1 � 2] [ p2 ] = t r ue ;
42 pegs = pegs � 1;
43 }
44
45 Rul e ( / / Tr y to move up
46 boar d [ p1 ] [ p2 ] = = t r ue &&
47 boar d [ p1 ] [ p2 � 1] = = t r ue &&
48 boar d [ p1 ] [ p2 � 2] = = f a l se
49 ) {
50 boar d [ p1 ] [ p2 ] = f a l se ;
51 boar d [ p1 ] [ p2 � 1 ] = f a l se ;
52 boar d [ p1 ] [ p2 � 2 ] = t r ue ;
53 pegs = pegs � 1;
54 }
55
56 Rul e ( / / Tr y to move down
57 boar d [ p1 ] [ p2 ] = = t r ue &&
58 boar d [ p1 ] [ p2 + 1] = = t r ue &&
59 boar d [ p1 ] [ p2 + 2] = = f a l se
60 ) {
61 boar d [ p1 ] [ p2 ] = f a l se ;
62 boar d [ p1 ] [ p2 + 1 ] = f a l se ;
63 boar d [ p1 ] [ p2 + 2 ] = t r ue ;
64 pegs = pegs � 1;
65 }
66 }

� �

Fig.13:The5x5Peg Solitairepuzzlemodeledin InPUMA.


